ABSTRACT. Let F(ST) denote the identity component of the space of homotopy self-equivalences of S™ and let F = inj lim w FiS" 1 ). This paper studies the homotopy properties of certain equivariant analogs of the infinite loop space F.
1. Introduction. Let G be a compact Lie group and let W be a free, finite dimensional, real G-module equipped with a G-invariant metric. Let S(W) be the unit sphere of W and denote by F(W) the identity component of the space of equivariant self-equivalences of S(W) with the compact-open topology.
If V and W are free G-modules as above, then V © W is also a free G-module. Since S(F© W) is equivariantly homeomorphic to the join of
S(V) and S(W\ there is a continuous inclusion of F(V) into F(K © W) defined by taking joins with the identity on S(W).
In particular, if kW denotes the direct sum of k copies of W, there is an inclusion of
If G is the trivial group then F G = F is a familiar and widely studied object. An important aspect of this space is the existence of two infinite loop space structures, one induced by composition multiplication, the other induced by a canonical homotopy equivalence from F to the identity component of inj lim w Q m (S m ). One can show that F G also has an infinite loop space structure induced by composition multiplication. Our results generalize to F G the second infinite loop space structure on F.
Let BG denote a classifying space for G, let g be the Lie algebra of G and let G act on g via the adjoint representation. The balanced product of EG and g is a vector bundle over BG that we shall call £. Let BG** denote its Thorn space. 2. Naturality properties. Let G be as above and let H be a closed subgroup of G. Then we may take BH to be EG/H, and the canonical map from BH to BG to be the projection. Techniques of J. M. Boardman [4] imply the existence of a "wrong way" map (in the stable homotopy category) ( On the other hand we have the following result.
THEOREM 5. Let k be a positive integer, let ^GTrg^.^F) generate the image of J, and let Hk Gn 8k+i(F) be an Adams-Barratt element [1]. Then neither c k nor fi k is in the image ofp^:n^(F S i) -• n^(F).
Geometrical applications of the result on p, k will be given in [10].
Spaces over 2?.
Fix a CW-complex B and let #(£) denote the category having objects Ç = (2^, B, p^ A 4 ) where p$:Ec -> B is a fiber bundle and A% is a cross section to p^ We assume that t; is admissible in the sense of [3] . In the terminology of James [7] , £ is an ex-space of B. The set [£, £'] of maps in ^(B) is the set of homotopy classes of fiber and cross section preserving maps E^ -* E?. The category <g(B) is a natural extension of the category of pointed spaces, and much of the homotopy theory of pointed spaces can be extended to <tf(B). For detailed accounts see [3] , [6] , [7] .
Let Ç A a denote the fiberwise reduced join of Ç and a and define by ƒ -> ƒ A 1. We then have the following suspension theorem (compare [6, Theorem (7.4)]). THEOREM 
Assume that a is a sphere bundle and the fiber ofÇ is {n -1)-connected. Then a is injective if E^ is (2n -\)-coconnected and surjective ifEç is 2n-coconnected.
Let T(Ç) = Eç/A£B). If X is a space with base point x 0 let X denote the object (B x X, B, p, A) Since dim(X) < n -2, cr and hence K: is bijective. The duality map [x defines a bijection 
